



















( $\mathrm{M}\mathrm{D}\mathrm{P}$ ) , Miller and
Veinott[13] Veinott[14] Blackwell-
. , , Dietz and





, $[5, 6]$ $\mathrm{M}\mathrm{C}$
.
MDP ( (I)





1, 2 , 3, 4 .
MDP $(S, A, p, r)$ . , $S=\{1,2, \cdots\}$ , $A(i)$
$i\in S$ $A$ , $p=(p(a)_{ij})$
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$i\in S,$ $a\in A(i)$ [ $\Sigma_{j\in S}p(a)_{ij}=1$ , $r(i, a)$ $\{(i, a);i\in S, a\in A(i)\}$
$(|r(i, a)|\leqq M)$ | .
$n$ , $(i_{0}, a_{0}, \cdots, i_{n})\in(S\cross A)^{n}\cross S$ $\pi_{n}(A(i_{n})|i_{0},$ $a_{0},$ $i_{1}$ ,
$\ldots,$ $i_{n})=1$ $\pi_{n}$ , $\pi=(\pi_{0}, \pi_{1}, \cdots)$ .
, $S$ $f$ $i\in S$ $n$ [ $f(i)\in A(i)$ $\pi_{n}(\{f(i)\}|i_{n}=$
$i)=1$ , $\pi$ $\pi=f$ . $\mathcal{F}$ .
$\Omega=(S\cross A)^{\infty}$ . $X_{n},$ $\Delta_{n}$ , $n$
. , $i_{0}\in S$ $\pi$ $\Omega$
$P_{i_{0}}^{\pi}$ , $n=0,1,$ $\cdots$ , ( $i_{0}$ , , $\cdot$ . ., $i_{n}$ ) $\in(S\cross A)\cross S,$ $a_{n}\in A(i_{n}),$ $j\in S$
$B\subset A(i_{n})$ ,
$P_{1}^{\pi_{0}}.(\Delta_{n}\in B|i_{0}, a_{0}, \cdots, i_{n})=\pi_{n}(B|i_{0}, a_{0}, \cdots, i_{n})$
$P_{i_{0}}^{\pi}(X_{n+1}=j|i_{0}, a_{0}, \cdots, i_{n}, a_{n})=p(a_{n})_{i_{\hslash}j}$
. $P_{i}^{\pi}$ $Y$ $E_{i}^{\pi}(Y)$ .
$\rho>0$ , $\beta=1/(1+\rho)$ . $\pi$
,
$V_{\rho}( \pi)=(E^{\pi}\dot{.}\{\sum_{n=0}^{\infty}\beta^{n+1}r(X_{n}, \triangle_{n})\};i\in S)$
. $\pi^{*}$ , $\pi$ $V_{\rho}(\pi^{*})\geqq V_{\rho}(\pi)$ k
. ( , . ) $\pi^{*}$ , $\pi$
(1) $\lim_{\rhoarrow 0}\inf_{+}\rho^{-n}(V_{\rho}(\pi^{*})-V_{\rho}(\pi))\geqq 0$
$n$- . , $n$ $n$- , Blackwell-
.
$f\in \mathcal{F}$ $P(f)=(p(f(i))_{ij})$ .
(f) $P,$ $p_{1j}$. , $P^{*},$ $R,$ $T$ ,
$E_{a},$ $\mathrm{I},$ $Q,$ $H$ .
$P^{0}=I$ ( ) , $P$ $n$ $P^{n}=(p_{\dot{\iota}j}^{n}; i,j\in S)$ . MC
[ , $i,$ $j\in S$ [ $p_{\dot{\iota}j}^{*}= \lim_{narrow\infty}(n+1)^{-1}\sum_{k=0}^{n}p_{ij}^{k}$
. P*=(p ; $i,$ $j\in S$) , $PP^{*}=P^{*}P=P^{*}$ . $E\subset S$
, $P^{n}(i, E)= \sum_{j\in E}p_{\dot{\iota}j}^{n}$ , $P^{*}(i, E)= \sum_{j\in E}$p . , $i\in S$
$P^{*}(i, S)=1$ , $P$ non-dissipative .
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$\{P(f);f\in \mathcal{F}\}$ .
(I). $i\in S,$ $E\subset S,$ $n=1,2,$ $\ldots,$ $f\in \mathcal{F}$ , $B$
.
(2) $| \sum_{k=0}^{n}\{P(f)^{k}(i, E)-P(f)^{*}(i, E)\}|\leqq B$ .
$P(f)$ Doeblin , $f\in \mathcal{F}$ (2)
$B$ . ( [7], Hordijk[9] [10] .
3 (10) . ) $\mathcal{F}$ 4
. (I) & 2, 3 Kadota[ll] 1 .
$f\in \mathcal{F}$ , $R(f)$ , $T(f)$ , .
$\{E(f)_{a}; a\in \mathrm{I}(f)\}$ . d(f) E(f) ,
${}_{a}C(f)_{0},{}_{a}C(f)_{1},$ $\ldots,{}_{a}C(f)_{d_{a}-1}$ .
.
1. (I) . $P(f)$ non-dissipative , $d=1.\mathrm{c}.\mathrm{m}.\{d(f)_{a}$ ;
$a\in \mathrm{I}(f),$ $f\in \mathcal{F}\}$ .
. (2) $n+1$ $narrow\infty$ , $i\in S$ and $E\subset S$ ( (
(3) $\lim_{narrow\infty}\frac{1}{n+1}\sum_{k=0}^{n}P(f)^{k}(i, E)=P(f)^{*}(i, E)$
. (3) $E=S$ ( , $P(f)$ { non-dissipative .
, $2\leqq d(f_{0})_{a_{\mathit{0}}}<d(f_{1})_{a_{1}}<\ldots$ <d( )an $<\ldots$
limn\rightarrow \sim d(fn)a $=\infty$ $\{f_{n}\}\subset \mathcal{F},$ $a_{n}\in \mathrm{I}(f_{n})$ . $d_{n}=d(f_{n})_{a}$,
. $E_{n}(f_{n})$ $d_{n}$ $\{C(f_{n})_{r} ; r=0,1, \ldots, d_{n}-1\}$
. $k_{n}$ $n$ { $k_{n}+1\leqq d_{n}/2$ $\lim_{narrow\infty}k_{n}=\infty$
. $G_{n}(f_{n})$ $=U_{r=0}^{k_{n}}C(f_{n})_{r}$ , $i_{n}\in C(f_{n})_{0}$
$P(f_{n})^{*}(i_{n}, G_{n}(f_{n}))=(k_{n}+1)/d_{n}\leqq 1/2$ . , $i_{n}\in C(f_{n})_{0}$
$r=0,1,$ $\cdots,$ $k_{n}$ , $P(f_{n})^{r}On$ ’ $G_{n}(f_{n}))=1$ . , $n$
$| \sum_{r=0}^{k_{n}}\{P(f_{n})^{r}(i_{n}, G_{n}(f_{n}))-P(f_{n})^{*}(i_{n}, G_{n}(f_{n}))\}|\geqq(k_{n}+1)/2$





$f\in \mathcal{F}$ . 1 $p_{ij}^{d}$ MC d-
MC $P^{d}$ . $p_{ij}^{*},$ $P^{*}(i, E)$ , $P^{d}$ $p_{ij}^{d*},$ $P^{d*}(i, E)$
. $(_{R}p^{d})_{ij}^{n}$ , $P^{d}$ $i\in S$ $R$
$n$ $j\in S$ . $E\subset S$ , $({}_{R}P^{d})^{n}(i, E)= \sum_{j\in E}(_{R}p^{d})_{ij}^{n}$ ,
$({}_{R}P^{d})^{+}(i, E)= \sum_{n=1}^{\infty}({}_{R}P^{d})^{n}(i, E)$ .
$A=(a_{ij};i,j\in S)$ , $||A||= \sup_{i\in S}\{\Sigma_{j\in S}|a_{ij}|\}$ . $N(S)$
$||A||<\infty$ $A$ . $A,$ $B\in N(S)$ , $||$ AB $||\leqq$
$||A||||B||$ . , $\Sigma_{j\in S}a_{ij}b(j, E)$ AB(i, $E$ ) , $A(i, E)-B(i, E)$
$(A-B)(i, E)$ .
2 (5) Chung[4, \S I6, pp32] 4 , (6)
Doob[8, pp208] (5.14) .
2. $\mathrm{M}\mathrm{C}P$ ( non-dissipative , $d=1.\mathrm{c}.\mathrm{m}.\{d_{a};a\in \mathrm{I}\}$
. $i\in S,$ $E\subset S$ .
(4) $\sum_{r=0}^{d-1}P^{r}(P^{nd}-P^{*})(i, E)=\sum_{r=0}^{d-1}P^{r}(P^{nd}-P^{d*})(i, E)$ , $n=0,1,$ $\cdots$ .
(5) $P^{d*}(i, E)= \sum_{j\in R}\sum_{n=1}^{\infty}(_{R}p^{d})_{ij}^{n}P^{d*}(j, E\cap R)$.
. $P$ non-dissipative $P^{d}$ . Scheff\’e (Hordijk[9]
Lemma 4.11 Billingsley[2, pp224] $)$ $P^{nd+r}(i, E)$ $E\subset S$
$P^{r}P^{d*}(i, E)$ . (3) ,
(6) $P^{*}(i, E)= \frac{1}{d}\sum_{r=0}^{d-1}P^{r}P^{d*}(i, E)$
, (4) .
$i\in T$ (5) . $R$ ,
$n$ {
(7) $P^{nd}(i, E)= \sum_{j\in R}\sum_{k=1}^{n}(_{R}p^{d})_{ij}^{k}P^{(n-k)d}(j, E\cap R)+P^{nd}(i, E\cap T)$
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. $narrow\infty$ , (7) 1
. [4, \S I.5, $\mathrm{p}\mathrm{p}20$] Lemma $\mathrm{A}$ $\sum_{k=1}^{\infty}(_{R}p^{d})_{ij}^{k}>0$ $j\in R$ [ ,
(5) .
, $Q_{n}(i, E)=\Sigma_{k=0}^{n}\Sigma_{r=0}^{d-1}P^{r}(P^{kd}-P^{*})(i, E)$ $Q(i, E)= \lim_{narrow\infty}Q_{n}(i$ ,
$E)$ .
[4] , MC’s $P_{a}$ $=(p_{ij};i,j\in E_{a})$
$P_{(a,r)}^{d}=(p_{ij}^{d};i,j\in {}_{ar}C)$ . i\in E $a\in \mathrm{I}$ $Q(i, E)=$
$Q(i, E\cap E_{a})$ .
3. (I) . $a\in \mathrm{I}$ , $||aQ||\leqq 2B$
$aQ(i, E)$ .
. $aQ(i, E)$ , $\sum_{n=0}^{\infty}||\sum_{r=0}^{d-1}P_{a}^{r}(P_{a}^{nd}-P_{a}^{*})||<\infty$ .
$\nu=0,1,$ $\ldots,$ $d_{a}-1$ ( $(p_{ij}^{d_{a}}; i,j\in {}_{a\nu}C)$ . , $P_{a}^{d*}=P_{a}^{d_{a}*}$
. $p_{0}= \max\{p_{jj}^{d*} ; j\in {}_{a\nu}C\}=p_{kk}^{d*}>0(k\in {}_{a\nu}C)$ $\langle$ . (4) ,
(3) G $n=md_{a}$ , $E=\{k\}$ , $\epsilon_{0}=p_{0}/2$ $i\in {}_{a\nu}C$ (
$|N_{0}^{-1}\Sigma_{l=1}^{N_{0}}(p_{ik}^{\ell d_{a}}-p_{ik}^{d*})|<\epsilon_{0}$ $N_{0}$ . , $1\leqq n(i)\leqq N_{0}$
( , $p_{ik}^{n(i)d_{a}}>\epsilon_{0}$ . , $n\geqq N_{1}$ $|p_{kk^{a}}^{nd}-p_{kk}^{d*}|<\epsilon_{0}$ $N_{1}$
. $p_{ik}^{d*}=p_{kk}^{d*}$ . $N_{2}=N_{0}+N_{1},$ $\delta=\epsilon_{0}^{2}$ ( . $n\geqq N_{2}$ ,
$i\in {}_{\alpha\nu}C$ , $\delta\leqq p_{ik}^{nd_{a}},$ $p_{ik}^{d*}\leqq 1$ , $|p_{ik}^{nd_{a}}-p_{ik}^{d*}|\leqq 1-\delta$ . (
d $d$ .
$0<\epsilon<1$ , $(1-\delta)^{m}<\epsilon$ $m$ , $N_{\nu}=mN_{2}$ .
Doob[8, pp197] Case(b) , $||P_{(a,\nu)}^{N_{\nu}d}-P_{(a,\nu)}^{d*}||<\epsilon$ . $N_{a}= \max\{N_{\nu}\}$
. $n$ $r=0,1,$ $\cdots,$ $N_{a}-1$ ( , $||P_{a}^{N_{a}d}-P_{a}^{d*}||<\in$
(8) $||P_{a}^{(nN_{a}+r)d}-P_{a}^{d*}||\leqq||P_{a}^{nN_{a}d}-P_{a}^{d*}||\leqq||P_{a}^{N_{a}d}-P_{a}^{d*}||^{n}$





(9) $H_{\rho}(i, E)= \sum_{n=0}^{\infty}\beta^{n}\{(P^{n}-P^{*})(i, E)\}$
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. , $H(i, E)= \lim_{\rhoarrow 0+}H_{\rho}(i, E)$ , $H=(H_{ij})\in N(S)$ $H(i, E)=$
$\sum {}_{j\in Eij}H$ ( $H_{ij}=H(i,$ $\{j\})$ ) , $H$ .
4. (I) . $P$ ,
(i) $||H||\leqq 2B$ $H$ , .
(10) $H(i, E)= \sum_{n=0}^{\infty}\sum_{r=0}^{d-1}P^{r}(P^{nd}-P^{d*})(i, E)+\frac{1}{d}\sum_{r=0}^{d-1}(\frac{d-1}{2}-r)P^{r}P^{d*}(i, E)$ .
(ii) $H$ $H_{0}$ . , $0\leqq\rho<\infty$ (9) and (10)
$H_{\rho}$ $N(S)$ , $(I-\beta P)H_{\rho}=H_{\rho}(I-\beta P)=\beta(I-P^{*})$
$P^{*}H_{\rho}=H_{\rho}P^{*}=O$ . $O$ .
. $i\in T$ I . (10)
[ , $Q(i, E)$ $\mathrm{A}\mathrm{a}$ $\mathrm{A}\mathrm{a}$ . $b(j)= \sum_{r=0}^{d-1}P^{r}(j, E)$ 1 ‘ , (4), (5),
(7) $Q_{n}(i, E)$ ,
$Q_{n}(i, E)= \sum_{s\in R}\sum_{k=1}^{n}\sum_{\ell=1}^{k}(_{R}p^{d})_{is}^{\ell}\{\sum_{j\in S}(p^{(k-\ell)d}-p^{d*})_{sj}b(j)\}+\sum_{j\in T}\sum_{k=1}^{n}p_{ij}^{kd}b(j)$
(11)
$+ \sum_{j\in S}(\delta_{ij}-p_{\dot{\iota}j}^{d*})b(j)-\sum_{s\in R}\sum_{k=1}^{n}\sum_{\ell=k+1}^{\infty}(_{R}p^{d})_{is}^{\ell}(\sum_{j\in S}p_{sj}^{d*}b(j))$
. , $\delta_{ij}$ . $P^{d}$ non-dissipative ,
$\sum_{\ell=k+1}^{\infty}({}_{R}P^{d})^{\ell}(i, R)=P^{kd}(i, T)$
. (2) , $0 \leqq\sum_{k=0}^{\infty}P^{kd}(i, T)\leqq B$ . , (11) 3
$narrow\infty$ .
$\epsilon>0$ , $K\subset \mathrm{I}$ $(_{R}p^{d})^{+}(i, \bigcup_{a\in K}E_{a})\geqq 1-\epsilon/(3B)$
. 3 , $j\in E_{a},$ $a\in K,$ $E\subset S$ , $|(_{a}Q-$
$Q_{n})(j, E\cap R)|<\epsilon/3$ $n$ .
(12) $\lim_{narrow\infty}\mathrm{I}\mathrm{I}_{0}(\sum_{k=1}^{n}(_{R}p^{d})_{s}^{k}\dot{.})Q_{n}(s, E)=\mathrm{I}\mathrm{I}(\sum_{ka=1}^{\infty}(_{R}p^{d})_{is}^{k})_{a}Q(s, E)$
. , (11) (12) .
$Q(i, E)$ .
(12) $D(i, E)$ . 3 , $||D||\leqq 2B$ . $D(i, E)=$
$\sum_{j\in E}D_{ij}$ , (11) $Q(i, \cdot)$ $H(i, \cdot)$ .
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$H_{\rho}$ $H$ . (4) $\mathfrak{U}$ $\mathrm{a},$ (9) $\Sigma_{n=0}^{\infty}\beta^{nd}\{\sum_{r=0}^{d-1}\beta^{r}P^{r}P^{d*}\}$
, .
(13) $H_{\rho}= \sum_{n=0}^{\infty}\sum_{r=0}^{d-1}(\beta P)^{r}\{\mathcal{B}^{nd}(P^{nd}-P^{d*})\}+\frac{1}{1-\beta^{d}}\{\sum_{r=0}^{d-1}\beta^{r}(P^{r}-\frac{1}{d}\sum_{k=0}^{d-1}P^{k})P^{d*}\}$.
$\beta$ 1 , (13) $Q$ . (13)
. $H_{ij}$ $j\in E$ (10)
.
(2) $|H_{\rho}(i, E)|\leqq B$ , $||H||\leqq 2B$ . (ii)
. .
5. (I) , , $i\in S,$ $E\subset S,$ $f\in \mathcal{F}$
.
(14) $H(i, E)= \lim_{Narrow\infty}\frac{1}{N+1}\sum_{n=0}^{N}\sum_{k=0}^{n}\{P^{k}(i, E)-P^{*}(i, E)\}$ ,
. $4(\mathrm{i}\mathrm{i})$ $H=I-P^{*}+PH$ $n$ $n$ .
$P^{*}H=O$ , $i\in S,$ $E\subset S$ .
(15) $H(i, E)= \frac{1}{N+1}\sum_{n=0}^{N}\sum_{k=0}^{n}(P^{k}-P^{*})(i, E)+\frac{1}{N+1}\sum_{n=1}^{N+1}(P^{n}-P^{*})H(i, E)$
$4(\mathrm{i})$ (2) , $|| \sum_{n=1}^{N+1}(P^{n}-P^{*})H||\leqq(2B)^{2}$ . (15) $Narrow\infty$
, (15) $i\in S,$ $E\subset S,$ $f\in \mathcal{F}$ 0 .
(14) . $\square$
Arapostathis ({$\mathfrak{g}[1]$ Theorem A2 , 5 $4(\mathrm{i})$ $H_{\rho}(i, E)$




$y_{-1}(f)=P^{*}(f)r(f),$ $y_{n}(f)=H(f)^{n+1}r(f)$ . $r(f)=(r(i, f(i));i\in S)$
. $x=(x_{i})$ ( , $||x||= \sup_{i\in S}|x_{i}|$ ,
$n=-1,0,1,$ $\cdots$ , $||y_{n}(f)||\leqq(2B)^{n+1}M$ .
4 $|_{\sqrt}\mathrm{a}$ , [13] .
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6. (Laurent ) (I) . $0<\rho_{0}<1/(2B)$ ,
$0<\rho\leqq\rho_{0},$ $f\in \mathcal{F}$ .
(16) $V_{\rho}(f)= \rho^{-1}y_{-1}(f)+\sum_{n=0}^{\infty}(-\rho)^{n}y_{n}(f)$ .
(II). (i) $i\in S$ , $A(i)$ $A$
.
(ii) $i,j\in S$ [ , $p(a)_{ij}$ $r(i, a)$ ( $a\in A(i)\}$ 4 ‘ .
(I), (II) Scheffe’ , $i\in S,$ $n=1,2,$ $\ldots$
$P(f)^{n}(i, E)$ $\mathcal{F}$ $E\subset S$ .
7. (I), (II) . , $i\in S$ $n=-1,0,1,$ $\ldots$
, $y_{n}(f)$ $i$- $y_{n}(f)_{i}$ $\mathcal{F}$ .
. (3) , $n^{-1} \sum_{k=1}^{n-1}P(f)^{k}r(f)$ $i$- $\mathcal{F}$ , $f\in \mathcal{F}$
$y_{-1}(f)$ : . , $y_{-1}(f)_{i}$ . $y_{-1}(f)$ : ,
(14) , $y_{0}(f)$ : . .
$\{\rho_{n}\}$ $\lim_{narrow\infty}\rho_{n}=0$ . Blackwell[3] \rho n-
$f_{n}\in \mathcal{F}$ . $\mathcal{F}$ , f*=lim7\rightarrow $f_{n_{k}}\in \mathcal{F}$
$\{f_{n_{k}}\}$ . $f^{*}$ $\rho_{k}$- ( ) .
$Y_{n}(f)=(y_{-1}(f), y_{0}(f),$ $\cdots,$ $y_{n}(f))$ . $A,$ $B\in N(S)$ $A-B$
0 , $A[succeq] B$ . $D_{n}=\{f\in$
$\mathcal{F}$ ; g\in F $Y_{n}(f)[succeq] Y_{n}(g)\}$ .
$g,$ $f\in \mathcal{F}$ $n=-1,0,1,$ $\cdots$ } , $r_{0}(g)=r(g),$ $n\neq 0$ $r_{n}(g)=0$ (
), $y_{-2}(f)=0$
$\psi_{n}(g, f)=r_{n}(g)+P(g)y_{n}(f)-y_{n-1}(f)-y_{n}(f)$
. $\Psi_{n}(g, f)_{i}$ $\Psi_{n}(g, f)=(\psi_{-1}(g,f\lambda\psi_{0}(g,f),\cdots,\psi_{n}(g,f))$ $i$
. (16) 7 .
8. (I), (II) . $D_{n}\subset \mathcal{F}\subset D_{n-1}$ ,
$f^{(n+1)}\in D_{n+1}$ . , $f^{(n+1)}$ \rho k- .
9. (I), (II) . \rho k-
Blackwell- .
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. $n$ , $n$- IJ $Y_{n}(f^{(n)})=Y_{n}(f^{*})$ $f^{(n)}\in D_{n}$
. $n=0$ , $f^{*}=f^{(0)}$
. ( [10] Theorem 3 $\ovalbox{\tt\small REJECT}$
$f^{(n)}\in D_{n}$ . $A_{n}(i)=\{a\in A(i);a=g(i), \Psi_{n}(g, f^{(n)})_{i}=0, g\in \mathcal{F}\}$
. MDP $(S, A_{n}(i),$ $p,$ $r)$ , $f^{(n+1)}$ \rho k-
. $\mathcal{F}_{n}=\cross_{i\in S}A_{n}(i)$ . $g\in \mathcal{F}_{n}$ $\Psi_{n}(g, f^{(n)})=0$
, $Y_{n-1}(g)=Y_{n-1}(f^{(n)})$ . , $D_{n}\subset \mathcal{F}_{n}\subset D_{n-1}$ . 8 $\text{ }$ ,
$f^{(n+1)}\in D_{n+1}$ . ( , $Y_{n+1}(f^{(n+1)})$ $\{\rho_{k}\}$ [
.
(1) $\pi^{*}=f^{(n)}$ .
8 ( , (1) $n=n+1,$ $\pi^{*}=f^{(n+1)}$ . $Y_{n}(f^{(0)})=Y_{n}(f^{(n)})$
, $V_{\rho k}(f^{(0)})\geqq V_{\rho k}(f^{(n+1)})$ $Y_{n+1}(f^{(0)})=Y_{n+1}(f^{(n+1)})$
.
References
[1] Arapostathis, A., Borkar, V. S., Ferdenandez-Gaucherand, E., Ghosh, M. K. and
Marcus, S. I. (1993). Discrete-time controlled Markov processes with average cost
criterion: Asurvey, SIAM J. Control Optim.31, 282-344.
[2] Billingsley, P. (1968). Convergence of Probability Measures, John Wiley& Sons,
Inc.
[3] Blackwell, D. (1965). Discounted dynamic programming, Ann. Math. Statist.
36 , 226-235.
[4] Chung, K. L. (1960). Markov Chains with Stationary hansition Probabilities,
Springer-Verlag, Berlin.
[5] Dekker, R. and Hordijk, A. (1988). Average, sensitive and Blackwell optimal
policies in denumerable Markov decision chains with unbounded rewards, Math.
Oper. ${\rm Res}$ . $13$ ,783-809.
[6] Dekker, R. and Hordijk, A. (1992). Recurrence conditions for average and Black-
well optimality in denumerable state Markov decision chains, Math. Oper. ${\rm Res}$ .
17,271-289.
155
[7] Dietz, H. M. and Nollau, V. (1983). Markov Decision Problems with Countable
State Spaces, Akademie-Verlag, Berlin.
[8] Doob, J. L. (1953). Stochastic Processes, John Wiley&Sons, Inc.
[9] Hordijk, A. (1974). Dynamic Programming and Potential Theory, Math. Centre
$7\}act51$ (Mathematisch Centrum, Amsterdam).
[10] Kadota, Y. (1979). Countable state Markovian decision processes under the Doe-
blin Conditions, Bull. Math. Statist. 19, 85-94.
[11] Kadota, Y. (1996). Simultaneous recurrent conditions on countable state Markov
chains, J. Infom. Optim. Sci. 17, 397-407.
[12] Mann, E. (1985). Optimality equations and sensitive optimality in bound-ed
Markov decision processes, Optimization 16, 767-781.
[13] Miller, B. L. and Veinott, A. F. Jr. (1969). Discrete dynamic programming with
asmall interest rate, Ann. Math. Statist. 40, 366-370.
[14] Veinott, A. F. Jr. (1969). On discrete dynamic programming with sensitive
discount optimality criteria, Ann. Math. Statist. 40, 1635-1660.
[15] Yushkevich, A. A. (1994). Blackwell optimal policies in aMarkov decision process
with aBorel state space, $ZOR-Math.$ Meth. Oper. ${\rm Res}$ . $40,253-288$ .
156
